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A Cluster Expansion for Stochastic Lattice Fields
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A Langevin equation of Landau—Ginzburg type for the stochastic dynamics of
a scalar field on a lattice is studied. A cluster expansion is developed for this
problem which converges for large mass. As a consequence, one establishes
uniformly in the volume: (a) exponential decay of correlations in space and
time, and (b) exponential approach to equilibrium for a class of nearby initial
distributions.
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1. INTRODUCTION

Let A be a finite d-dimensional lattice which for definiteness take to be a
toroidal lattice (Z/LZ)“ for some integer L. For ficlds ¢ € R* consider an
action of the form

1 )
S(e)= 3, [Eqix((*d +m2)<p)x+3¢i] (1.1)

where 4 is the Laplacian on A4 and A and m?” are positive parameters. Then
there is an associated Langevin equation for the stochastic dynamics of ¢
given by

do 1
Yy
4= VSt
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Here 5 =n.(t) is a white noise random variable with covariance
E(rlx(t) nx'(t/)) = 5xx’ 5(l - t,)

One expects (and we will see) that exp[ —S(¢)]de is a stationary
distribution for solutions of this equation and that all other initial distribu-
tions tend to it. It is called the equilibrium or Gibbs state.

This model can be taken to describe the time evolution of an order
parameter for a statistical mechanical system, for example, the magnetiza-
tion. Then it would be called time-dependent Landau-Ginzburg theory.
This application is described in Hohenberg and Halperin.) (In their
terminology it is model A.)

On the other hand, the equilibrium state (or a continuum version of
it) can be though of as ¢* Euclidean quantum field theory. Then ¢ is just
a parameter and is not interpreted as time. One can adopt the strategy of
studying the equilibrium state by investigating the full process. This is
known as stochastic quantization. The method (which extends to many
other field theorics) has some substantial advantages, particularly for
numerical work. This application is described in Parisi® and Damgaard
and Hiiffel.®¥

In this paper we study solutions of (1.2) for a class of initial distribu-
tions close to equilibrium. For this class (described precisely in Section 2.3)
and for m sufficiently large we show that all the correlation functions have
exponential decay in x and ¢ uniformly in the volume A. For example, for
the two-point function

|E(@x(1) @ (1) — E(@(2)) E(@.(1'))]
<O exp[ —a(lx—x'| +|t—1])] (1.3)

As an application, we show an exponential approach to equilibrium. Of
course, bounds like (1.3) are central to many infinite-volume questions.

There is a substantial mathematical literature on related problems,
especially on stochastic Ising models in which the state space (i.e., the X in
the configuration space X“) is finite. A sampling of work with continuous
state space related to that given here can be found in refs. 5-8.

There are also treatments of continuum models (4 < R?) in low
dimension for exactly the present model, ie., stochastic ¢? field theories.
These are due to Faris and Jona-Lasinio (for d=1)® and Jona-Lasinio
and Mitter (for d=2).'%
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2. SOLUTIONS

2.1. The Linear Case

Let us start by finding solutions of (1.2) for A =0. The equation can
be written in the standard form

dp= —3Do dt+dB
4 30 2.1)
D=(—4+m?)

where B is a Brownian motion in R, that is, a family {B.(1)}, xe 4,
te [0, oo}, of Gaussian random variables such that

E(B(t) B.(s)) =0, . min(z, 5)

This is the equation for an Orenstein—-Uhlenbeck process with drift term
—3Dg.
A solution ¢ with initial point y € R is given by the stochastic integral

t
@(1) = exp~ "y + j e~ PUS2 gpy(s) (2.2)
0
This process has continuous trajectories. It can be realized on the space of
continuous functions

Q=C[0, ), R*)

as the coordinate function (¢(#))(w)= (1), we 2, if we supply 2 with the
measure

uy(4)=E(1,4(¢)) (2.3)

where 4 € &, the g-algebra generated by the ¢(r).
Next we average over the initial point defining u° on Q by

KoA) = | uS(A) dv°(z) (24)

where v’ =v,-: is the Gaussian measure on R with covariance D' A
short calculation shows that for u° the coordinate function is Gaussian
with covariance

Crwlt, ) ={D""exp(~ 3D[t—1')].v (2.5)

Accordingly, we also write u° = u.. The process is seen to be stationary,
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confirming that p° is an equilibrium distribution. If we also allow negative
times, then C, .(t,1') can be regarded as the kernel of operator C=
(—ad*or*+iD*) L.

The decay properties of C will be important for later developments.
We have that for any a > 1 there is an mq so that for m > m,

|Cr ot ) S O(m ™) exp[ —a(|x — x| + [t —1'])] (2.6)

This bound can first be established for (x, t)e Z?x R by a contour defor-
mation in Fourier transform space. The toroidal case (x,1)e AxR is
expressed as a periodization of the infinite-volume case, and the bound
carries over.

2.2. The General Case
For A>0, write Eq. (1.2) as
do=(~3Do+b(¢p))dt+dB
(b(9))..= — 3403

We want to find a measure y, on € such that the coordinate function on
Q2 is a solution of the equation with initial point y. The Girsanov—
Cameron-Martin formula gives such a measure as a perturbation of the
measure u for 4 =0. If EY is the expectation for u, then

(2.7)

ulA)=EJ(1,Z(1)) (2.8)

where

4 1 rt
2t =exp] [/ tlot. doe) = [ Ibenitas | @9)

Here the inner product and norm are in R” and ¢(z) = (1) + [} $Do(s) ds
is a Brownian motion. For 4e %, [the g-algebra generated by ¢(s'),
0<s' <], one can take any ¢ satisfying > s.

If » were bounded, this would be quite standard (see any book on
stochastic differential equations, for example, Friedman'" or Stroock and
Varadhan?). Since it is not, some further justification is needed.

Let us start by finding an alternate expression for Z(z). Let

A
Plp)=3 Z(Pi
xed (2.10)
3 2 A’ 3 12 6
Wip)= Y —Z/I(PX+ZCPX(D<P)X+*8—<PX
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Then the claim is that
1 t
Z()=esp| 5 Plo0) —3 Plo)=[ Wotnas | 211
0

To see this, note that — 1 {{ ||p||* gives the sixth-order term in W. For the
other term, use Ito’s formula:

j (blo(5)), di(s))
1
-3, (VP)(0(5)), dd(s)

1 1
=3 P90 =3 Plp(0) +5 || (14~ (Do) V) P)p(s)) ds

The last term gives the quadratic and quartic terms in W.

Lemma 2.1:

o s (05 S5 )

o) 1z <en| 3 {5 t0- o014 (% —a) [ oo a]

xeA
+ 2(4 t
4\ m?
Proof. (a) In D=(—A4+m?) the lattice Laplacian has matrix
elements
2d x=y
('_A)xyz -1 |X—J’|=1
0 otherwise

Correspondingly, there is a nonlocal contribution to W with absolute value

A
'Z Z @i%

lx—pl=1

<

TN

(pi+oH)<idy ¢! (2.12)
1 x

|[x—y] =
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The rest of W is local and has the form

3 2 /’L 2 4 )"2 6
Y| - Zifprrz(m +2d)¢x+§€0x

im? 9 i
>3 (? mi———z) (2.13)
where we use

3 m> 9/ A
A0+ 4 — 4>__ -
A 4<m2>

Combining these gives the result. Part (b) follows from (a).
Theorem 2.2:
(a) p(A) =E2(1AZ(1)) defines a probability measure on (£, %)
which is independent of ¢ for = .
(b) For this measure the coordinate function ¢(-) on £ solves (2.7)

in the sense that it solves the associated martingale problem.

Proof. (a) By Ito’s formula for the exponential function and the
process | b-d@ — (16| dt, we find

Z(t)=1 +f0t Z(s)(b(e(s)), do(s)) (2.14)

Now b(¢(s)) is square integrable and by the lemma Z(s) is bounded
[@(0)=y]. Then Z(s) b(¢(s)) is square-integrable and nonanticipating, so
(2.14) shows that Z(z) is a martingale: E;’(Z(t) | #,) = Z(s) for t = 5. Taking
the expectation for s =0 gives EZ(Z(I)) =1, so p, is a probability measure.
For Ae # and ¢>s5, E?(IAZ(I)|Z)= 1,Z(s) and taking the expectation
shows that the measure is independent of ¢.

(b) We must show that for §e R”

! 1
¥ =exp {0,600~ 000) - [/ = $D0t6) + o) | ) 3101
(2.15)

is a martingale for . This will follow if we show that Z°(r) = X°() Z()
is a martingale for 4. But we have

t 1 rt
Z°(1)=exp [ J, (bo() +0. dp(s)) =3 | Ib(o(s))+017 ds] (2.16)
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This is a martingale by the argument of part (a), once we show it is
bounded. However,

LX) <exp {neu Y { 10.(0)] + |0.(0)

! A
e | oo +51o00° s

and combining this with the bound on Z(r) from the lemma shows that
Z°(t) is bounded.

2.3. Initial Distributions

Let us consider initial distributions given by measures v on R of the
form

v(B)=v*(Bexp(—P — Q))/v’(exp(— P~ Q)) (2.17)

Here P is given by (2.10) as before and gives the equilibrium measure; see
below. Q gives the deviation from equilibrium and is taken to have the
form

Q(p)=4 3. q(o,) (2.18)

xeA

where ¢ is a polynomial which is either bounded below or at least such that
10* +q(¢p) is bounded below. We could also allow some nonhomogeneity
in x in Q, but for simplicity stick with (2.18).

Averaging p, over the initial point y with weight v, we define measures
4 on 2 by

u(A) = [ w,(A) dv(z) (219)
By (2.4), (2.8), (2.11), and (2.17) we find for A€ %
) =([ e dunc) (e auc (220)
where for 1= s

1 1 !
Vi(9) =35 Pp(0)) + Q0(0) +3 Plo(0) + [ Wlwls)ds  (221)
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If F is #~measurable, then the expectation with respect to u would be, for

tz=s,
E(F)=<J Fe " duc>/<f eV a’uc> (2.22)

These are the objects of interest, particularly the correlation functions for
which F(o)=0,,(11) - ¢, (1,).

Note that the measure u., and these integrals in particular, which are
defined on the space £ = C°([0, o0), R*), could also be regarded as defined
on the space 2= C°%R, R?), as is done in the rest of this section, or as
defined on 2 = C°([0, ¢], R*), as is done in Section 3.

If O =0, we use the notation V*, u*, E* for the equilibrium quantities.
The next result shows that u*, E* are indeed stationary.

First we need some definitions. Let %, , be the o-algebra generated by
o(u), a<u<b. Let T, be the time translation operator on Q defined by
(T,w)(s)Y=w(s—1) and let 6 be the reflection operator (6w)(t)=w(—1).
Finally, define

1

V=3 Plols) +3

= Plo(e) + | Wip(w)) d

so that Vg, =V >

Proposition 2.3. Let F be #,, measurable (0<<a<b) and pu.
integrable. Then:

(a) [ Fexp(—V¥)ducis independent of s, ¢ for 0<s<a<b<t
(b) [(FoT_,)exp(—V¢,) duc is independent of u for 0<u<t—b

Proof. (a) We want to replace V', by V¥, If s =0, we already know
that we can replace ¢ by b. We reduce the general case to this. For
0 <s<a, we have

| Fexp(—v2) duc=| (F=T.) exp(~V,_.) dic
= [ (FeT)exp(~Vits_ ) dusc

— [ Fexp(—¥2,) duc

Here we use that p. is translation invariant and that Fe T, is Z, ,,_,
measurable and hence %, ,_, measurable.
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To shorten the left endpoint, we use
[ Fexp(= Vi) due=[ (F<T,=0) exp(~ V) duc
= [ (T, 0)exp(— Vi, ) duc

= f Fexp(— V5, duc

Here we use that u. is reflection invariant and that FeT,00 is %, ,
measurable.

(b) By part (a), since FoT , is #,,,,,, measurable and since 0,
u<a+uand b+u<t, t+u

[[(FeT_)exp(~ Vi) due=[ (FT_)exp(—V,.) duc

= [ Fexp(—V¢,) duc

Remark. Consider the equilibrium correlation functions at equal
times E*(¢,,(s)---¢,(s)). By translation invariance we can take s =0 and
then replace V§, by Vo= P(¢(0)). For the time zero fields uc is just v
and so

E¥(0u(5)+-0,(9))
=00 02, XPL= Pl0)] dvy0) [ expl ~ Pl )] (o)

The right side is a ¢* field theory, and this is a fundamental identity of
stochastic quantization.

3. EXPANSIONS

3.1. Mayer Expansion

We want to study long-distance properties of integrals of the form
| Fexp(—V7) duc. The method is a general technique known as cluster
expansions, which expresses such integrals as sums of local pieces. General
references are refs. 13, 14, and 18. Our expansion is not quite standard
because we have both discrete and continuous variables in the underlying

822/58/5-6-26
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space, and because there is nonlocality both in the potential V. (due to D)
and in the measure du. (due to C).

We begin by breaking the nonlocality in V', with a Mayer expansion
of exp(— V7). Beginning with the expression (2.21), we write

Vo= ¥,=Y <z Vit V,,,,) (3.1)

I 7

where the sum is over unit intervals I in [0, T] (now with T integral),
points x € 4, and nearest neighbor pairs (bonds) b in A.
V, . is the local piece and is given by

Vie=| [—§z<p2<s)+5(m2+2d)<p“(s>+£¢’6(s’] @
Ix B 4 x 4 * 8 *

A A
+] 5010+ a0 [0 o+ ] | S0t [a6-Tyas (32)

For each bond b= (x, y), |x— y| =1 we have the nonlocal piece
)\4 3
Vin=] 3925 0,5 ds (33)
I

The Mayer expansion for V, is

exp(— V)= [] exp(=V;,) X [[lexp(=V,,)—1]

xed {by} «

where the sum is over collections {b,} of bonds in 4. If we group together
the terms in this sum into connected clusters, we have

exp(—V)= 3 [[p(IxYy)
{Yg) £
where the sum is over partitions {Y,} of 4 and for Y 4
pUxY)= ] exp(=V,) % []lexp(=V;p)—1] (3.4)
xeY {by} =Y a

where the sum is over {b,} connecting Y. As a special case, we have

p(Ix {x})=exp(— V).
Taking the product over I, we have

exp(—Vr)= 3 [1»(U,) (3:3)

(U} v
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where the sum is over partitions {U,} of [0, 7] x A into sets of the form
U=1IxY with Y connected in A.
The basic estimate on p is

Lemma 3.1. For m? sufficiently large, A< 1, and | Y] =2

lpUx V) <[O(m=)]7 ! (3.6)
Proof. We use
exp(— )~ 1< oexp (172
and (2.12) to obtain

H[eXP(—Vz,bl)—1]’<<%>mleXP[ }:pr ds] (3.7)

x xeY

On the other hand, as in (2.13),

I—[ CXP( - VI x)

xeY

Thus,

<exp[———— 5 jq; (s) ds]exp[@(l)lY{] (3.8)

8 xeY

p(IxY)< Y [Om )17 I<[0(m 3]

{ba} = ¥

the last step since there are at most [O(1)]'Y' < [0(1)]'"'~! terms in the
sum.

3.2. Modified Gaussian Measures

The next step will be to expand the measure u. into measures with
covariances which do not couple certain regions of space and time. We
start by explaining the clementary step in this expansion.

Define a paved set in [0, 7] x A to be a set expressible as an union of
unit lines /x {x}. For paved sets S, S’ define

C(S, §) ot 1) =15(x, 1) Cpo (8, 1) Ls(X', 1) (3.9)

and C(S)=C(S, S). We want to consider a Gaussian process with
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covariances C(S}+ C(~.S) which decouple S and ~S. More generally,
consider convex combinations of such covariances, such as

C,=sC+(1—35)[C(S)+C(~S)], sel0,1] (3.10)

which interpolates between C,= C(S)+ C(~S) and C,=C.
These covariances are not smooth unless we alter the space. Define

[0, 71 =[0,1]u(1,2)u --- u(T—1,T]

If S (and ~S) are paved sets in [0, T] x A, then (C,), (¢t ¢') is a con-
tinuous positive-definite function on ([0, T]'x A)x ([0, T} x A) and so
defines a Gaussian process with this covariance. Furthermore, C, is smooth
enough to admit continuous sample paths, so the process may be realized
as the coordinate function on

Q' =C[0, T] xA)=C*%[0, T}, RY)
Let p, denote the associated measure on this space. Note that a special
case of all this is the original process for C (with integral times deleted

except 0 and 7).
The difference between p., and p, is expressed by

| Fdue,~ [ Fduc,

- jol ds djds ( f quq)

Lot
- L ds j 5 (dCjds)o 4, Fduc,

Lo
=j dsJ—(Cl—CO)koquC: (3.11)
0 2

Here for any C a symbol like C-4, stands for the formal differential
operator

Cod,=[dtd’ 3 C. .t,1)8/00.(1) 3/00.(1) (3.12)

x,x

We use (3.11) when F is a sum of terms of the form

U PPt )y @(0,) F (11 1) -~-dzn] Pa0(0) p(o(Te ™" (313)
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where p,, p,, p; are polynomials, and f is bounded. When C is also
bounded, we claim that C> 4, makes sense on this class of functions and
in fact preserves the class [so that iteration of (3.11) is possible]. Applying
4, formally introduces J-functions. For example, to pick some typical
pieces of Vo, if G(¢)=3, ¢.(0)% then

3G/0g (1) =49 (0)* 6(1)
8G/og (1) 0 (1) =120 ,(0)? 6, . &(z) 8(¢')
or if G(¢)=3, [§ @.(s)* ds,
0G/0g (1) = 4o (1)’
0°G/0p (1) 0 A1) =120 (£)? 8, . O(2—1")

The J-functions are immediately evaluated in the integral defining Co 4,
and in this way one sees that (C-4,)F is again in the class (3.13).

To prove (3.11), one can first prove it for functions F depending on a
finite number of variables by an explicit computation. The general case can
be established by approximating the integrals in (3.3) by Riemann sums
and then taking limits. For details in a case with two continuous variables
see Dimock and Glimm.>

In applying (3.11), it is useful to note that the term jF dpi, may
factor. Let Q(S)= C°(S). Since S and ~ S are disconnected in [0, 7]’ x 4,
we have Q'=Q(S)xQ(~S). Under this identification, duce)cias) =
dpicisy X A~ 5y- Thus, if F= F(S) F(~S) with F(S) localized in §, etc,,
then

j Fdpces)+c~s5=
o

FS)ditces) | F(~S)ducisy (314)

Q(S) (~

3.3. Expansion of p,

Suppose now we are given a partition {U,} of [0,7T] xA into
connected paved sets as in Section 3.1, and suppose F is a function which
factors across the partition, ie., F=[], F(U,) with F(U,) localized in U,.
We want to expand | Fduc in localized pieces.

Let U, be the partition element which contains the first line 7x {x}
relative to some fixed ordering of unit lines. Apply (3.11) with §= U, and

C,=5:C+(1—s5)[C(U)+ C(~U,)]
We have

1
E(acsl/asl)OA¢=C(NU1’UI)OA(p: Z C(UZa UI)OA

Uz # Uy

@
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and using also (3.14) we have

de/ic= U F(U,) d#aun}“ F(~U)) d/‘C<~Ul>]

1
+ Y jo ds, C(Us, U)o 4, Fdue,

Uy# U,

Now for each U, the function C(U,, U;)od,F factors across
S,=U, u U,, and hence so will the integral if we break C,, on §, with

Csl,sz = S2 Csl + (l - SZ)[CSI(SZ) + Csl( NSZ)]

In the error term we have

/as2)oA<p:C51(~S2a SQ)OAq;

51,52

1
3 (oC

= Z [Csl(UfS’ U1)+CS1(U3’ UZ)]OA(/J

Uz U, Uy

Continuing, we get a sequence U,, U,,.., U, whose union is S, and
covariances

o= 50 Coy gy (1= 5)[Cor i (S + Cypyy(~5,)] (315)

1505

For each {U, }-paved set X containing U; we group together the terms in
the expansion for which S, = X. Then the expansion has the form (see, for
example, ref. 16)

[ Faic=5 K0 | [ F~X)dic | (3.16)

Here F(X)=T1, F(U,), the product over the {U,} in X. The quantity
K.(X) is defined by

Rex)= ¥ Y[dssons) [ T1 [CW,, Uyp)oa,] FX) diteny
(U1,.,Uy) 1 Jj=2
(3.17)
Here the first sum is over orderings (U,,.., U,) of the {U,} in X, but with

U, always the first in the base ordering. If X has only the single element
Uy, then K (X)={ F(X)duc. The second sum is a sum over functions
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n from (2,.., n) to (1,.., n— 1) with (j) < j; these can be thought of as the
tree graphs on n vertices. Finally, s = (s,,..., s,_(), C,=C and

SlsesSn—17

n
f(n,s)= H 28517 Syi))

with a factor 1 if »(j)=/j— L
Now we iterate (3.16), beginning by decoupling the first partition ele-
ment in ~X. This yields

[ Fduc= 3 [1RAX) (3.18)

{Xib i

where the sum is over partitions {X,} into {U, }-paved sets X.

3.4. The Full Expansion

Now let F be a polynomial in ¢ .(¢) that factors over paved sets, for
example, 2 monomial. Combining the Mayer expansion (3.5) and the u.
expansion (3.18), we have

[ Fexp(~Vyduc= Y [ FITp(U,) duc

{Uy} y

=2 X&)

(U {x}p @

where, for each {U,}, p =TT, p(U,). Changing the order of the sums, we
have a sum over {U,} finer than or equal to {X;} which factors over the
{X;}. This leads to

[ Fexp(— V) duc= Y TTK(X) (319)
{xi} i

where the sum is over all partitions {X,} of [0, 7] x 4 into paved sets.
The K (X) may be written as

K=Y Y Y [dsm)[[] (€W, Uyp)ed,]

{U;} (U1, Un)

x [ p(U) F(X) duc,x, (3.20)

=1

The sum is over partitions {U,} of X with U,=1,x Y,, Y, connected, and
orderings (U,..., U,) of these with U, always the one containing the first
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unit line in X. The term with {U,} = {X}, if it occurs, is interpreted as
[ p(X) F(X) duc,x)- This is our cluster expansion.

3.5. Estimates

We want to show that K (X) is exponentially small if X is large or
diffuse. The main ingredients are the exponential decay bound (2.6) for C
and bounds of the form of Lemma 3.1 for p.

For any paved set X, let |X] be the number of elements Ix {x} in X.
With the intervals 7 represented by their midpoint, let d(X, X') be the
distance between two such sets X, X', and let #(X) be the length of the
shortest tree joining the elements of X.

Theorem 3.2. Let F be a polynomial which factors over paved sets.
For a>1, let m? be sufficiently large and let A be sufficiently small so
im*< 1. Then for any X, |K-(X)| <0O(1), while for |X|>2 we have

KX <[0m™)]M " Lexp[ a2 (X)] (3.21)

The bounds are uniform in the volume |A4|, and in the polynomial F if the
degree and coefficients are bounded.
As preparation we have the following result.

Lemma 3.3. Under the same hypotheses, given an ordered parti-
tion (Uy,.., U,) of X as in (3.20) (n=2) we have

[ T1 L€, Uy)e 2,1 TT (V) FOX) dic(X)

i=1

<[0(m )19~ [T expl ~ad(U,, Uyp)1 ] exp(—a|UJ)  (322)

j=2

Proof. We first take apart the p(U;) = p(I;x Y;) by (3.4). The result
is a sum over collections of bonds {b,} such that the connected sets they
determine are exactly Y,,.., Y,. For each such {b,} the summand is then

Jd#csm H LC(U, Uyjy)ed,]
J

X U [{ [T [exp(—V,5)— 1}[ [1 exp(— V""X)j| F(U,-)] (3.23)

by Y; xeY;

It suffices to show that (3.23) satisfies the bound of the lemma because the
sum over {b,} contributes a factor [T, exp[0(1)| Y,|]=exp[0(1) |X|] and
this does not affect the bound.
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We next distribute the formal derivatives over the factors in the
product. Let " =(2,..,n)x(0,1) and for t=(1),.» and x=(X;)rc»
define

€1, x) :n c(u;, Un(j))x/,o,x/‘l(tj,()a l_,-,l)
J
so that

[TLCW,, Upy)o4,1= | dids 66, x) [1 3/00.,(1)

ke

where dx means counting measure. Then (3.23) may be written

S [ duc,x) [ dt dx 61, x)

Y

xn[{n m“”%wm—vmg—u}

by Y

X[ [T @7 exp(— VI,,x)] [5"’1(”F(U,-)]J (3.24)

xeY;

Here the sum is over all functions y from % to 4, where # =4, U --- U .4,
and

=, b,) b, Y, }U{(ix):xe¥,;}u{i}

Actually, not all 7’s contribute to this sum. If we define
K1 =Ujey-101y(J, 1) and for 2<ign

xf,:(z',ow[ U 1)]

jen=i)

then the derivatives d/d¢, (t,), k € A;, are localized in U, and so must act
on functions localized in U,. Thus, we must have y(%;) = .4,

The derivatives further distributed themselves according to partitions
Py, of y7'(i, b,) and P, of y 7'(i, x). Let P=({P;,,}, {P:.}, {7 '(i)}) be
the induced partition of . Then (3.24) may be written

S5 [ due(x) [ didx %02, x) Mz )N (3.25)
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Here we have defined

=TT, 11 o)

byc Yy meP; by

(H T o7~ V,x)[a”““)F(U,-)]}

xeY; me Py

For each i, the products over b, and x are restricted to y ~'(i, b,) # & and
v 1(i, x) # ¥. We have also defined

V=TT T tenn(= V008,001 }( 1T exp=7i,0 )|

by Y; xeY;

The derivatives may now be evaluated. For 7, € (the only case that
occurs) we have

oV, .
a(P)ck(lk)

- [( - % A (L) + Am* +2d) @2 (1) + % izq)ik(tk))

2
V.
anXk(lk) aqox[(l(l)

3 15
= |:< —3 A+ 3A(m* +2d) @2, (1) +— lzgoik(tk)>

A
+ (5 0000+ 010 ) 8001+ (5 02,000 80— ) |31

4
3 2 ”
+ (3 207,00+ "0 00 ) 00

3.
+ (5 A'q)ik([k)> 5(tk - T):I 6x,xk5xk,x1 5(tk - [l)

and so forth; and for » = (x, y) we have

oV 3
0@ (1) 4

. A
/lq)?c(tk) q)y(tk)oxk,x +- (pi(tk)éxk,y

4

and so forth.
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With these evaluations we can break up M into a sum over
monomials. We have

Here @ runs over some index set which we will not need to specify
explicitly. The ¢, are constants [they collect factors — 24, A(m*+2d),
etc.], the M, are monomials in ¢ ,(¢,), and &, collects all the é-functions.
In the time variables the d-functions identify the ¢, with themselves or 0 or
T, and in the space variables the d-functions identify the x, with themselves
or some other xe X.

Now (3.25) is written

Z Z Z J d.uCS(X) J d;tco(lo X))(g(_la 2() CwMaJ(_Zs ZC)N (326)
y P w
where d (1, x)=4,(z, x) dt dx is a measure on R** x A",
Now we begin the estimates. A key role is played by the numbers
d;=|A; which are the incidence numbers for the tree graph #.

First, in the integral over ¢, apply the Schwarz inequality to separate
M, and N. We have then

[ a2 discion < TNV expLO(1) MU (327)

where N(U,) is the number of variables ¢, (z,) in M_ with (1, x,)e U,.
Bounds of this type are standard; see ref. 13, Theorem 8.5.5. The main
ingredient is the exponential decay of C(X), which follows from the
exponential decay of C. (Usually the role of the U, is played by unit blocks,
but the more general case is easily deduced from the latter.)

The number of variables in U, for M, is at most deg F(U,) plus the
number of derivatives acting in U,, namely d,, times the maximum of ¢’s
introduced by a differentiation, namely r=max(5, degq—1). Thus, we
have N(U,)<2[deg F(U;)+ rd;]. If we also use Y, d;=2n— 2, we obtain

<JMfud,ucs(X)> <[Jotdy (3.28)

We also have, by (3.7) and (3.8),

1/2
(J deuq(X)) < 11 tom N [Tewlon)¥] 629)
I, by
y i by) =&
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For ¢, note that the coefficients in I/, , are at worst ¢(1), while those in
V,, are O(4) < ¢(m~?). This lead to the bound

leol < 1 [Om*)1]] o) (3.30)
i, by i
706 # &
Combining (3.28)-(3.30) and using [],,, O(m ) <1, [O(m )], we
obtain

fICwaNI dum)\]—[ [Om )" Texp[O(1) | Y,|1(d,}) (3.31)
We next claim that

f di,(t, x) <1

supp €

The time integral can be written in the form j]_[k(A e dty), where 4, is
one of 1, 8(ty), o(t,—T), or (1, —t,) for some k' <k in a lexicographic
ordering of /. Since | 4, dr, <1 (supp % has unit intervals), if we do the
integrals in reverse order, we have fﬂk (4, dr,)< 1. Similarly, the sum
over space variables is bounded by 1.

Using this result and (2.6), we obtain

‘J‘g(z,x)diw(_t,zc <%l < l—[@ *)exp[ —2ad(U;, U,;))1  (332)

Now we estimate the number of terms in the sums over y, P, ©. Since
y takes each .J#; with d, elements to .# with (1) |Y,| elements, the number
of s is less than [T, [0(1) | Y,| 1% <T1; (d))! exp[@(1) | Y| ]. For each 7, we
estimate the number of partitions P, of y (i, b,) by |y7'(i, b,)|!, etc
Then the number of partitions P is bounded by

U[“ BT zxw}
<H[Zlv‘(i, N+Xh l,x)l:l!
<[14:!

Finally, for each y, P the number of V’s and F’s in M is less than 2» and
each contributes @(1) terms to the sum over w. Thus, the sum over w has
less than [O() ] < T, exp[@(1)|Y,]] terms.
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Combining all the above and using |Y,| =|U,|, we have that (3.26) is
bounded by

H *)exp[ —2ad(U;, U,;))1}
x [T {0m =)~ exp[O(1) |U|1(d; 1) *2} (3.33)
i=1
But if d, is large, some of the d(U,, U,;) for n(j) =i must be large and one
can show
[TW@HeD <[ JexplO(1) d(U;, U, ;)] (3.34)

i J

(see ref. 13, proof of Lemma 18.7.2 for the idea). One may assume that a is
large enough so that this factor is controlled by [];exp[ —ad(U;, U,;,}].
One also has (3, | U,| — 1 factors of @(m~?). This is equal to | X| — 1, so we
may use half of them to get a factor [@(m~')]"¥1~ 1 It is also greater than
U, |UD), so we can identify a factor [, [@(m )]V, which is less than
T1;exp(—a|U,|) for m sufficiently large. Thus, (3.33) is dominated by the
right side of (3.22), as required.

Proof of Theorem 3.2. The proof is now more or less standard. If
|X| =22 and X#Ix7Y,Y connected, then by Lemma 3.3 (with 3a instead
of a) we have

KXY Y Tdsfns)

{Uy} (U Un) 1

x [Om =)™~ T exp[ —3ad(U;, U, )] [] exp(—3a |U})

j=2 i=1

(3.35)
The result now follows by the following steps.

L Use>, d(U;,U,;))—2: Ul =ZL(X) to get a factor exp[ —aL(X)].

2. Take a factor [],exp(—a|U}|)=T1,exp(—al|U,]) outside the
sum over (U,,.., U,). The rest is estimated by

Z Zexp[—ad(Uj, Un(j))]nexp(_a|Ui|)

(Ui, Un) J

< {exp[0(1)n]} [T (d;—1)! (3.36)
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To see that this is so, estimate the sum over U, by

Zexp[_ad(Un’ Uﬂ(n))Aa |Un|] <(9(1) |U11(n)|

Up

At the jth level we have

Zexp[—ad(Uj, Ur](j))_a !Uj|] |U,'Id/71
Uj
SZeXp[—ad(UJ-, U, 1d;,— !
Uj

<O U, (d;—1)!

At the last step there is no sum over U, and we just have
|U|% exp(—a | U )< O(1)(d, — 1)L
3. For the sum over # use the bound'”

ZJde(n, )1 (d—1)! <e®Dn

i

[ Alternatively, one can use (3.34) to gain a factor [], (d;!)~" in the lemma
and then use the more elementary bound Y, | ds f(, s) <e®"".]

4. The sum over partitions {U,} is controlled by

Z ]—[ efa\le ge@(l)l)ﬂ
{UV} Y

The e¢%Y" factors also have this bound and all are absorbed by
[O(m )]~ . Thus, the proof is complete in this case.

If X=1x Y, there is an extra term with {U,} =X which has a special
definition. If also | X] =2, use Lemma 3.1 to bound this by [@(m 2)]"~ 1.
Since |X| —1=£(X) for connected X, the result follows in this case. If
|X| =1, so X=1Ix {x}, the extra term is the only term and the bound
|K-(X)| <0(1) follows from |p, | <O(1). This completes the proof.

4. CONSEQUENCES

The cluster expansion leads directly to estimates on the decay of
correlations. These are expressed in terms of connected expectations
(truncated expectations, cummulants) defined by

E(fiyes f)=0"/0c, --- 0u, log [I [T +aiﬁ)e’VTduC:| (4.1)

i

x=0
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These are combinations of the ordinary expectations (2.22), for example,

Ec(flafz):E(flfz)—E(fl)E(f2) (4-2)

The main result is the following:

Theorem 4.1. Given a>1, let m? be sufficiently large and Aim?
sufficiently small. Then for (z,, x;)e4, =1, x {x,} we have uniformly in
the volume the tree decay

IE(@ (1) @4, (t ) SOm ™ exp[ —a (4,0 - v 4,)]

Proof. Take T sufficiently large and assume ¢,€ [0, T]’, so we may
work on €’ as in the previous section; the case of integral ¢, follows
by limits. The proof that follows is mostly standard.*'® Let F=
[Tx [1+a0,(1)] By the cluster expansion (3.19),

[ Fe ¥ rdue= ¥ T]Ke(X) (43)

{xip @

Let 4=1Ix{x} denote a unit line. Factoring out the unit lines, we can
write the right side of (4.3).

[T &-(4) ¥ T1Kx(X)) (4.4)

dc 4 {x;) i

where now the sum is over collections of disjoint sets {X,} with | X, >2,
and where

Re(X)=Kp(X) [] Ke(4)™ (4.5)

AdcX

Next take the logarithm, treating the expansion as the partition function
for a gas of (disconnected) polymers. This takes the form

log <f Fe="r duc>

=Y log Ko(4)+ i tnt Y a(Xy,., X,) H KAX) (46)

4<4 (X150 X) i=1

where the sum is over ordered n-tuples (X,,.., X,) of paved sets and
a(Xy,.., X,) =0 unless they overlap.

It is straightforward to show that under our hypotheses and for
|| = sup; |o;| sufficiently small

IKe(4) =1 <SO(m?) + O(|af) < 3 (4.7)
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and so from Theorem 3.2, for | X| =2,

[Re(X) < [O(m™") ¥~ exp[ —2a2(X)] (4.8)
It follows that
sup Y Ke(X) e <Om™) (4.9)

This estimate is sufficient to ensure that the sum in (4.6) converges and is
bounded by O(m ') |A].

Now suppose that not all (7., x,) are on the same line 4. (This case
can be included by a separate argument.) Then 0"/0a,,..., 0a,[-- -], _; gives
zero on the first sum in (4.6). For the second sum only those terms
(X,,..,X,,) with the cover property |J, 4, < J; X, survive [otherwise some
(tx, x;) is outside |J; X, the term is independent of «,, and the derivative
gives zero |. Thus, we have

Ec((pxl(ll)r'w (an(tn))

=5"/6<x1,..., 50(,,[2 l/n' Z/ Xla i HKF :I

n=1 (X150 Xn)

(4.10)

a=0

where the prime indicates that the cover property must be satisfied.

To estimate this, take a factor [],exp[ —a?(X;)] from the estimate
on [I,K-(X,). By the connectivity of the X; this is less than
exp[ —a¥#(X,u --- UX,)], which by the cover property is less than
exp[ —aZ(4,u --- u4,)]. The rest of the estimate proceeds as before,
except that the cover property also eliminates a sum over the whole
volume. The bracketed expression in (4.10) is then bounded uniformly in
the volume by

[---]1<Om YDexp[—aZ(4,u ---ud,)] (4.11)

The bound holds in a complex polydisk |«,| < R with R~'< (1), and so
by the Cauchy bounds we have our result.

Remark. Theorem 3.2 required Am? < 1 and Theorem 4.1 needed that
Aim? was sufficiently small. In fact, these conditions on A are unnecessary:
4 can be anything as long as m” is sufficiently large.

To sec this, make the change of variables ¢ — m~ “¢ in the correlation
function (2.22), say with Q =0 for simplicity. Then we replace P, W, C by
new objects
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~ 1
P=Y -im ¢l

— 4
~ 3 L on 2 1 4 3 1 2. —6a, 6
W:Z _.Z,lm (pX+ZAm (px(Dcp)x+§/1m 0°
C=m>C

Now, if 1/2<a <1, all the coefficients in P and W are small for m large
(the local quartic term is now +Am?~**¢*) and C has exponential decay
as in (2.6) with a small coefficient in front [now O(m**~?) instead of
O(m~?)]. These features are all we need for the proofs to go through.

As an application, we show that the correlation functions approach
equilibrium as time evolves.

Corollary 4.2. Uniformly in the volume, as ¢ — o0,

E((p)q(ll + t) e (px,,(tn + t))
=EX(@(11) - 0, (1) + O(e ™) (4.12)

Proof. Let f,=¢,(t,+1). Since E* is stationary, the difference
between the expectations can be written E(f, --- f,,) — E*(f,---f,). Also, it
suffices to prove the result for the connected functions, since the ordinary
correlation function are sums of products of these.

Let E, denote the expectation with Q replaced by aQ in (2.21) and
(2.22). Then E;= E* and E, = F and we have

Ec(fl ooy fn) - E*’c(fl ey fn)

= j l djdo ES(f s f,) dot
- fol ESf st — Q) da

= [ Eilfiven fun = 20(0.000) (4.13)

By the theorem (actually a slight modification allowing powers of the
fields)

LEQ(f 1o far = 29(@ (0] S O(m ") exp[ —aZ(xy ..., X,,, x) ] exp( —at)

The first factor gives the uniform convergence of the sum over x and so
[(4.13)| < O(e ™).

822/58/5-6-27
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Remarks. (1) Since the results are uniform in the volume, they also
hold for any infinite-volume limit. Of course, cluster expansions can also be
used to obtain infinite-volume limits.

(2) With no essential changes, one could replace ¢* in the original
action (1.1) by any lower-semibounded polynomial.

(3) We have treated models in which the correlation length is small
(bere bounded by a~'). It would also be of considerable interest to study
critical theories with an infinite correlation length. Formal treatments of
such questions by renormalization group methods are given in refs. 1 and
19. It may be possible to make these rigorous using the methods intro-
duced by Gawedski and Kupiainen.?®
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